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1. Introduction





(x+ k), when n > 0;





, when n < 0.




tx−1e−tdt with Re(x) > 0.
Then we have the following two relations:
Γ (x+ n) = Γ (x)(x)n, Γ (x)Γ (1− x) = πsin(πx) ,
which will frequently be used without indication in this paper.
Following Bailey [1], define the hypergeometric series by
r+1Fs

a0, a1, . . . , ar
b1, . . . , bs
 z = ∞
k=0
(a0)k(a1)k · · · (ar)k
k!(b1)k · · · (bs)k z
k.
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1− x2 where |x| < 1.
















(2k+ 1)! , (2)
where the double factorial has been offered by
(2k+ 1)!! = (2k+ 1)!
2kk! , (2k)!! = 2
kk!.













Recall the 7F6-series identity due to Chu [4, Eq. (5.1e)] and Dougall’s 5F4-series identity (cf. [1, p. 27]):
7F6
a− 12 , 2a+ 23 , 2b− 1, 2c − 1, 2+ 2a− 2b− 2c, a+ s, −s2a− 1
3
, 1+ a− b, 1+ a− c, b+ c − 1
2














s (1+ a− b)s(1+ a− c)s





where s is a positive integer,
5F4
a, 1+ a2 , b, c, da
2
, 1+ a− b, 1+ a− c, 1+ a− d
 1

= Γ (1+ a− b)Γ (1+ a− c)Γ (1+ a− d)Γ (1+ a− b− c − d)
Γ (1+ a)Γ (1+ a− b− c)Γ (1+ a− b− d)Γ (1+ a− c − d) (5)
provided that Re(1+ a− b− c − d) > 0.
Recently, Chu [5,6] and Liu [7,8] have deduced many surprising π-formulas from some known hypergeometric series






























k!(k+m− n)!(k+m− p)! (4k+ 2m+ 1) (6)





































k!(k+m− n)!(k+m− p)!(k+m− q)! (4k+ 2m+ 1) (7)
wherem, n, p, q ∈ Zwithmin{m−n,m−p,m−q,m−n−p−q−1} ≥ 0. Liu [8] showed that (5) implies the Ramanujan-type




































k!(k+m− n)!  76 k+m−p  56 k+m−q (4k+ 2m+ 1) (8)
882 C. Wei et al. / J. Math. Anal. Appl. 396 (2012) 880–887
where m, n, p, q ∈ Z with min{m − n,m − n − p − q − 1} ≥ 0. Eqs. (6)–(8) can create numerous special π-formulas by
specifying the free parameters. For example, the casem = n = p = 0 of (6) produces the simplest Ramanujan-type formula












Inspired by these work just mentioned, we shall explore further the relations of π-formulas and hypergeometric series.
The structure of the paper is arranged as follows. Seven general π-formulas with free parameters, which include (1)–(3) as
special cases, will be derived from (4) in Section 2. Three general π-formulas with free parameters, which include (6)–(8)
as special cases, will be deduced from (5) in Section 3.
2. Summation formulas for π and π2 with free parameters implied by Chu’s 7F6-series identity








, 2b− 1, 2c − 1, 2+ 2a− 2b− 2c
2a− 1
3

















a− b− c + 32
 . (9)
Subsequently, one general summation formula for π with two free parameters, five general summation formulas for π with
three free parameters and one general summation formula for π2 with three free parameters will respectively be derived
from (9).
Choosing b = 1+m, c = 1+ n in (9) and then letting a →∞, we achieve the equation.








k!(2k+ 2m+ 2n+ 1)!! .
Whenm = n = 0, Theorem 1 reduces to (1) exactly. Other two examples of the same type are displayed as follows.








































Therefore, Theorem 1 can also be deduced by fixing a = 1+ 2m and b = 1+ 2n in it.
Making a = 12 +m, b = 14 + n and c = 34 + p in (9), we attain the equation.




= 1− 14 n  14 p  12 m−n−p
∞
k=0
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Two examples from Theorem 2 are laid out as follows.







(4k+ 3)!! (3k+ 2).







(4k+ 1)!! (3k+ 1).
A beautiful result should be mentioned. Fixing a = − 32 in the identity due to Chu [4, Eq. (5.3g)]:
6F5
7+ 4a, −2− 2a, −
5
2
− 2a, 2− 4a
5


























− 32 − 2as











Setting a = 12 +m, b = 16 + n and c = 56 + p in (9), we get the equation.






= 1− 13 n  13 p  12 m−n−p
∞
k=0

















When m = n = 1 and p = 0, Theorem 3 specializes to (2) exactly. Other two examples of the same type are displayed
as follows.









(2k+ 1)! (3k+ 2).









(2k+ 1)! (3k+ 1)k.
Taking a = 12 +m, b = 13 + n and c = 23 + p in (9), we gain the equation.




= 1− 16 n  16 p  12 m−n−p
∞
k=0

















Two examples from Theorem 4 are laid out as follows.
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Choosing a = 12 +m, b = 512 + n and c = 712 + p in (9), we achieve the equation.




1− 112 n  112 p  12 m−n−p
∞
k=0

















Two examples from Theorem 5 are displayed as follows.
























































Making a = 12 +m, b = 112 + n and c = 1112 + p in (9), we attain the equation.




1− 512 n  512 p  12 m−n−p
∞
k=0

















Two examples from Theorem 6 are laid out as follows.
























































Setting a = 32 +m, b = 1+ n and c = 1+ p in (9), we get the equation.
Theorem 7. For m, n, p ∈ Zwithmin{n, p,m− n− p} ≥ 0, there holds the general summation formula for π2 with three free
parameters:
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Whenm = n = p = 0, Theorem 7 reduces to (3) exactly. Other two examples of the same type are displayed as follows.



























3. Ramanujan-type series for 1/π with free parameters implied by Dougall’s 5F4-series identity
In this section, three general π-formulas with free parameters will be derived from (5). They include not only (6)–(8) but
also many other Ramanujan-type series for 1/π with free parameters as special cases.
Taking a = x+m, b = x+ n, c = x+ p in (5) and then letting d →−∞, we gain the equation.
Theorem 8. For x ∈ C and m, n, p ∈ ZwithminRe(1+ m−3x2 − n− p), 1+m− n, 1+m− p > 0, there holds the general








k!(k+m− n)!(k+m− p)! (2k+m+ x).
When x = 1/2, Theorem 8 specializes to (6) exactly. Other fourteen Ramanujan-type series for 1/π with three free
parameters from this theorem are laid out in Table 1.
Table 1
Series for 1/π implied by Theorem 8.












6 )k+m( 16 )k+n( 16 )k+p












6 )k+m( 56 )k+n( 56 )k+p














4 )k+m( 14 )k+n( 14 )k+p














4 )k+m( 34 )k+n( 34 )k+p














3 )k+m( 13 )k+n( 13 )k+p














3 )k+m( 23 )k+n( 23 )k+p














10 )k+m( 110 )k+n( 110 )k+p














10 )k+m( 310 )k+n( 310 )k+p














10 )k+m( 710 )k+n( 710 )k+p














10 )k+m( 910 )k+n( 910 )k+p














12 )k+m( 112 )k+n( 112 )k+p














12 )k+m( 512 )k+n( 512 )k+p














12 )k+m( 712 )k+n( 712 )k+p














12 )k+m( 1112 )k+n( 1112 )k+p
k!(k+m−n)!(k+m−p)! (24k+ 12m+ 11)
Choosing a = x+m, b = x+ n, c = x+ p and d = 12 + q in (5), we achieve the equation.
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Theorem 9. For x ∈ C and m, n, p, q ∈ ZwithminRe( 12 − x+m− n− p− q), 1+m− n, 1+m− p > 0, there holds the



























k!(k+m− n)!(k+m− p)!  12 + xk+m−q (2k+m+ x).
When x → 1/2, Theorem 9 reduces to (7) exactly. Other ten Ramanujan-type series for 1/π with four free parameters
from this theorem are displayed in Table 2.
Table 2
Series for 1/π implied by Theorem 9.





= ( 34 )m−n−p( 12 )m−n−q( 12 )m−p−q
( 14 )m−n−p−q( 14 )n( 14 )p( 12 )q
∞
k=0







= ( 14 )m−n−p( 12 )m−n−q( 12 )m−p−q
( 34 )m−n−p−q−1( 34 )n( 34 )p( 12 )q
∞
k=0









= ( 23 )m−n−p( 12 )m−n−q( 12 )m−p−q
( 16 )m−n−p−q( 13 )n( 13 )p( 12 )q
∞
k=0








( 13 )m−n−p( 12 )m−n−q( 12 )m−p−q
( 56 )m−n−p−q−1( 23 )n( 23 )p( 12 )q
∞
k=0









= ( 56 )m−n−p( 12 )m−n−q( 12 )m−p−q
( 13 )m−n−p−q( 16 )n( 16 )p( 12 )q
∞
k=0









( 16 )m−n−p( 12 )m−n−q( 12 )m−p−q
( 23 )m−n−p−q−1( 56 )n( 56 )p( 12 )q
∞
k=0







= ( 1112 )m−n−p( 12 )m−n−q( 12 )m−p−q
( 512 )m−n−p−q( 112 )n( 112 )p( 12 )q
∞
k=0







= ( 712 )m−n−p( 12 )m−n−q( 12 )m−p−q
( 112 )m−n−p−q( 512 )n( 512 )p( 12 )q
∞
k=0







= ( 512 )m−n−p( 12 )m−n−q( 12 )m−p−q
( 1112 )m−n−p−q−1( 712 )n( 712 )p( 12 )q
∞
k=0







= ( 112 )m−n−p( 12 )m−n−q( 12 )m−p−q
( 712 )m−n−p−q−1( 1112 )n( 1112 )p( 12 )q
∞
k=0
( 1112 )k+m( 1112 )k+n( 1112 )k+p( 12 )k+q
k!(k+m−n)!(k+m−p)!( 1712 )k+m−q
(24k+ 12m+ 11)
Making a = 12 +m, b = 12 + n, c = x+ p and d = 1− x+ q in (5), we attain the equation.






















k!(k+m− n)!  32 − xk+m−p  12 + xk+m−q (4k+ 2m+ 1).
When x → 1/2 and x = 1/3, Theorem 10 specializes to (7) and (8) respectively. Other four Ramanujan-type series for
1/π with four free parameters from this theorem are laid out in Table 3.
Table 3
Series for 1/π implied by Theorem 10.





( 34 )m−n−p( 14 )m−n−q( 12 )m−p−q
(m−n−p−q−1)!( 12 )n( 14 )p( 34 )q
∞
k=0
( 12 )k+m( 12 )k+n( 14 )k+p( 34 )k+q








( 56 )m−n−p( 16 )m−n−q( 12 )m−p−q
(m−n−p−q−1)!( 12 )n( 16 )p( 56 )q
∞
k=0
( 12 )k+m( 12 )k+n( 16 )k+p( 56 )k+q






( 1112 )m−n−p( 112 )m−n−q( 12 )m−p−q
(m−n−p−q−1)!( 12 )n( 112 )p( 1112 )q
∞
k=0
( 12 )k+m( 12 )k+n( 112 )k+p( 1112 )k+q






( 712 )m−n−p( 512 )m−n−q( 12 )m−p−q
(m−n−p−q−1)!( 12 )n( 512 )p( 712 )q
∞
k=0
( 12 )k+m( 12 )k+n( 512 )k+p( 712 )k+q
k!(k+m−n)!( 1312 )k+m−p( 1112 )k+m−q
(4k+ 2m+ 1)
Besides those formulas displayed in Tables 1–3, Theorems 8–10 can give more Ramanujan-type series for 1/π with free
parameters with the change of x. We shall not lay them out one by one in the paper.
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